We define a new topology, weaker than the gap topology, on the space of selfadjoint operators affiliated to a semifinite von Neumann algebra and define the real-valued spectral flow for a continuous path of selfadjoint Breuer-Fredholm operators in terms of a generalization of the winding number. We compare our definition with Phillips' analytical definition. Furthermore we prove the homotopy invariance of the real-valued index. We also prove that the real-valued spectral flow of a path of invariant symmetric elliptic differential operators on a Galois covering with coefficients depending continuously on the parameter is well-defined.
Introduction
Index theory in von Neumann algebras was introduced by Breuer [B1] [B2] . One important application is to the index theory of elliptic invariant differential operators on Galois coverings, whose foundations were laid with Atiyah's L 2 -index theorem [A] . In the last ten years much research has been devoted to the definition, study and application of the real-valued spectral flow in a semifinite von Neumann algebra, beginning with a topological definition of the real-valued spectral flow for loops of bounded selfadjoint Breuer-Fredholm operators due to Perera [Pe1] [Pe2] . Phillips presented an analytical definition, which works for general continuous paths of bounded selfadjoint Breuer-Fredholm operators [Ph] and was used by Phillips and Carey-Phillips to prove integral formulas for the real-valued spectral flow (see [BCPRSW] ). We refer to [BCPRSW] for a survey on the analytic approach and its applications and for more references.
In parallel, new definitions of the spectral flow for paths of unbounded selfadjoint Fredholm operators have been given [BLP] [W2] . The straightforward way is to define the spectral flow for unbounded operators as the spectral flow of the bounded transform. However, it is often difficult to check whether the bounded transform of a path of unbounded operators depends continuously on the parameter. In [BLP] the spectral flow was defined for paths of unbounded selfadjoint Fredholm operators whose resolvents depend continuously on the parameter. This definition was further generalized in [W2] . In both papers the spectral flow is expressed in terms of a winding number.
Our main result in this paper is the definition of a real-valued winding number and a new definition of the real-valued spectral flow in terms of the winding number. This definition works for gap continuous and also for more general paths.
More precisely, we modify the approach of [W2] in order to make it work in semifinite von Neumann algebras: In §2 we define and study a new topology on the space of selfadjoint unbounded operators affiliated to a semifinite von Neumann algebra. In §3 we introduce a generalization of the winding number and use it to define the real-valued spectral flow for a path of selfadjoint unbounded Breuer-Fredholm operators that is continuous in this new topology. In §4 we express the real-valued index in terms of the real-valued spectral flow and derive the homotopy invariance of the real-valued index. In §5 we show that a path of invariant symmetric elliptic differential operators on a covering with coefficients depending continuously on the parameter is gap continuous. Here we make use of the theory of elliptic operators over C * -algebras, which was introduced by Mishenko-Fomenko [MF] .
A new topology on the space of selfadjoint affiliated operators
Let H be a Hilbert space.
We fix a von Neumann algebra N ⊂ B(H) endowed with a faithful normal semifinite trace τ . For simplicity we assume that τ is not finite. By K(N ) we denote the norm-closed two-sided ideal generated by projections of finite trace and we write Q(N ) = N /K(N ) and let π : N → Q(N ) be the projection.
A closed densely defined operator D on H is affiliated to N if its bounded transform
We denote the space of selfadjoint operators affiliated to N by AS(N ) and the space of selfadjoint Breuer-Fredholm operators by ASF (N ). These spaces endowed with the gap topology, which is the weakest topology such that the map
is continuous, are denoted by AS(N ) gap resp. ASF (N ) gap . If B is a topological space and (D b ) b∈B is a continuous family in AS(N ) gap , then (f (D b )) b∈B is a continuous family in N for all f ∈ C 0 (IR). This follows from the fact that
−1 depends continuously on b and that the algebra generated by the functions (x ± i) −1 is dense in C 0 (IR).
Let φ ∈ C 
For n ∈ IN 0 let AS n (N ) be the set AS(N ) endowed with the weakest topology such that the maps
are continuous for all K ∈ K(N ).
For n = 0 the last condition is trivial.
Compare this with the definition in [W2] : If N = B(H) with the standard trace, where H is a separable Hilbert space, then the first two conditions are equivalent to the continuity of
In the following we assume that n > 0.
Lemma 2.1. Let B be a topological space and
This follows from the definition of AS 0 (N ) if f (x) = (x ± i) −1 and in general from this and the facts that K(N ) is an ideal and that the algebra generated by the functions (x + i) −1 and (
Corollary 2.2. Let B be a topological space and D : B → AS n (N ) be a continuous map. Assume that f ∈ C c (IR) with supp
Proof. The first assertion follows from the previous arguments. If f ∈ C c (IR) is an even function with supp
) is continuous, this implies the second assertion.
It follows that the identity induces continuous maps AS m (N ) → AS n (N ) for m, n ∈ IN, m ≤ n. Let AS(N ) be the set AS(N ) endowed with the direct limit topology. The definition of AS(N ) does not depend on the choice of the functions φ and ψ n .
For n ∈ IN we define
We denote by ASF n (N ) the set ASF n (N ) endowed with the subspace topology of AS n (N ). We define
and and denote by ASF 0 (N ) the set ASF 0 (N ) endowed with the subspace topology of AS(N ) gap .
Let ASF(N ) be the inductive limit of the spaces ASF n (N ).
Corollary 2.3. If B is a topological space and
is continuous, the assertion follows from the previous corollary.
We call an odd monotonously increasing function χ ∈ C ∞ (IR) such that lim x→∞ χ(x) = 1 a normalizing function for
is well-defined and continuous. Furthermore for any f ∈ C([−1, 1]) with
If B is a compact space and
The topological spaces we introduced above have similar properties than the spaces defined in [W2] : If (D b ) b∈B is a continuous family in AS(N ) and f : IR → IR is a monotonously increasing continuous function with f −1 (0) = 0, then (f (D b )) b∈B is a continuous family in AS(N ) as well. Furthermore (D b ) b∈B is a continuous family in ASF(N ) and (U b ) b∈B is a path of unitaries such that
Compare the following proposition with [W2, Prop. 1.7] . The proof here differs only formally. It is given for completeness.
Proposition 2.4.
The identity induces a continuous map from AS(N ) gap
to AS(N ).
The set ASF (N ) is open in AS(N ).
3. The identity induces a homeomorphism from AS(N ) ∩ ASF (N ) to ASF(N ).
Proof.
(1) follows from Lemma 2.1.
(2): Let D 0 ∈ ASF n (N ) and let χ be a normalizing function for
We fix the trace Tr ⊗τ on the semifinite von Neumann algebra
We denote by C(N ) the space of closed densely defined operators affiliated to N , which we consider as a subspace of AS (M 2 (N ) ) via the map
We denote by AF (N ) the subspace of Breuer-Fredholm operators and write AF n (N ) := AF (N ) ∩ ASF n (M 2 (N )). Furthermore we let AF n (N ) resp. AF(N ) be the space AF n (N ) resp. AF (N ) with the subspace topology of
We say that χ is a normalizing function for AF n (N ) if χ is a normalizing function for
Remark: In the following we point out one crucial difference between the situation here and the situation in the case N = B(H) for a separable Hilbert space H. In [W2] we used that if (D b ) b∈B is a family of selfadjoint operators parametrized by a compact space B whose resolvents depend in a strongly continuous way on b, then (f (D b )) b∈B is strongly continuous as well, or equivalently 
is dense in the domain of g as an operator on K(N ) but is not dense in K(N ) with respect to the L ∞ -norm, g is not densely defined as an operator on K(N ).
Real-valued winding number
We write l 1 (N ) for the ideal of operators A ∈ N such that τ (|A|) < ∞. Endowed with the norm A 1 := max( A , τ (|A|)) it is a Banach space and it holds
Let Gl(N ) ⊂ N be the group of invertible elements and let
both endowed with the subspace topology. Furthermore U(N ) ⊂ N is the unitary group and
We define
and endow it with the subspace topology of the affine space 1 + l 1 (N ).
We define for s :
For U ∈ Gl K (N ) one has w(sU ) = w(s). The following lemma is used to prove homotopy invariance of w.
Proof. We can subdivide the rectangle into smaller rectangles and add up the contributions of the pieces without changing the value of the left hand side. Therefore and by compactness it is enough to prove the assertion for h such that in
We set g(x, y) = h(x, y)h(a, a) −1 . It is enough to show the assertion for g. Since , c) ) .
Similar equations hold for the other three terms. Inserting them implies the claim.
We consider C(S 1 ) as a subalgebra of C([0, 1]). We denote by π 1 (U K (N )) the free first homotopy group of U K (N ) and by π 1 (U K (N ), 1) the first homotopy group of U K (N ) with base point 1.
Proposition 3.2. The winding number extends to a homomorphism
there is a loops homotopic to s in Gl 1 (N ) such that 1 −s ∈ C 1 (S 1 , l 1 (N )). We define w(s) := w(s). This is well-defined: If there is a homotopy in Gl K (N ) between two loopss 1 ands 2 in Gl 1 (N ) withs i − 1 ∈ C 1 (S 1 , l 1 (N )), then there is a homotopy h in Gl 1 (N ) between these loops with h − 1 ∈ C 1 (S 1 × [0, 1], l 1 (N )). By the previous lemma w(s 1 ) = w(s 2 ).
The definition of the winding number extends to matrices in a straightforward way.
We sketch a more abstract way via K-theory of defining the winding number. Proof. The argument works for any dense ideal in a C * -algebra. If K ∈ l 1 (N ) and 1 + K is invertible in C · 1 + K(N ), then there is
It is enough to show that (1 − C) −1 ∈ 1 + l 1 (N ). However, this follows from C ∈ l 1 (N ) and the von Neumann series N ) ). Hence the trace induces a homomorphism τ : K 0 (K(N )) → IR. Furthermore there is a homomorphism
The lemma implies that
where the third map is defined by mapping K 1 (K(N )) to zero and the last map is given by Bott periodicity. It can be checked that the composition of this map with τ agrees with w.
The motivation for introducing the concreter definition of the real-valued winding number in terms of the integral formula is that it may be used to derive new integral formulas for the spectral flow (as done in [W3] for N = B(H)).
Real-valued spectral flow
We recall the analytic definition of the real-valued spectral flow in a semifinite von Neumann algebra, which we will denote by sf a for the moment. It applies to any path (D t ) t∈ [0, 1] in ASF (N ) such that the bounded transform F Dt depends continuously on t. Let P t := 1 ≥0 (D t ). If π(P 1 ) − π(P 0 ) < 1, then P 0 P 1 is Breuer-Fredholm in P 0 N P 1 (see [BCPRSW, §3] for the definition of BreuerFredholm operators in P 0 N P 1 ) and
The general case can be reduced to this case by cutting the path into smaller pieces and adding up the contributions of the pieces. This works since π(P t ) depends continuously on t: Let χ be a normalizing function of the path (
Continuity of the bounded transform implies that χ(D t ) depends continuously on t, hence also π(P t ).
We define the real-valued spectral flow via the winding number as follows:
In a similar way the spectral flow can be defined in a C * -algebraic setting as studied in [M] . Instead of operators affiliated to a von Neumann algebra one would have to consider regular unbounded multipliers on the ideal that plays the role of K(N ). Note that elements of AS(N ) may fail to be regular as unbounded multipliers on K(N ) since they need not be densely defined (see the Remark at the end of §2).
Some properties are in order:
Let (U t ) t∈[0,1] be a path of unitaries in N such that t → U t K is continuous for each K ∈ K(N ) and let (D t ) t∈[0,1] be a continuous path in ASF n (N ) with invertible endpoints. Then
is continuous, homotopy invariance of the winding number implies that
The spectral flow is homotopy invariant for homotopies in ASF(N ) through paths with invertible endpoints.
The definition of the real-valued spectral flow generalizes to paths with not necessarily invertible endpoints as follows:
The definition in the cases where D 1 is not invertible or D 0 , D 1 are both not invertible is similar.
When comparing this definition with the analytic definition of the real-valued spectral flow we will need the following:
Lemma 4.2. If F ∈ N is a bounded selfadjoint operator such that π(F 2 ) = 1, then for any selfadjoint A ∈ N with π(A) < 1 we have that F + A is a Breuer-Fredholm operator.
Proof. Since the spectrum of π(F ) is a subset of {−1, 1} and A < 1, the spectrum of π(F + A) does not contain zero.
Proof. Without loss of generality (by cutting the path into smaller pieces) we may assume that π(P 0 ) − π(P t ) < 1 for all t ∈ [0, 1] where
Furthermore it is enough to consider the case where
Let χ be a normalizing function of (D t ) t∈ [0, 1] . The map
is continuous, hence by homotopy invariance
By the previous lemma the map
and
It is continuous as well.
Again, by homotopy invariance this implies
We use results of [BCPRSW, §5] , where the spectral flow of the path (B t ) t∈ [0, 1] is discussed, and show that
1/2 for all t ∈ [0, 1]. Hence also the projection P onto the kernel of B 1/2 commutes with B t . Let B ′ t = B t (1 − P ). In the proof of [BCPRSW, Prop. 5 .3] a sequence of projections (p n ) n∈IN ⊂ l 1 ((1 − P )N (1 − P )) is constructed with the following properties: The trace τ (p n ) converges to zero, furthermore the operator B ′ t commutes with p n for all t ∈ [0, 1] and for any n there is δ > 0 such that (−δ, δ) is in the resolvent set of
It is clear that sf a and sf are additive with respect to direct sums. The contribution of p n (1 − P )N p n (1 − P ) to sf a resp. sf cannot exceed τ (p n ), hence it converges to zero for n → ∞. The contribution of (1 − p n )(1 − P )N (1 − p n )(1 − P ) vanishes. Moreover P H decomposes further into
with respect to which B t | P H = t ⊕ (1 − t) .
For this path the assertion holds.
Real-valued spectral flow and index
The real-valued spectral flow and the real-valued index are related as follows:
Proof. LetD
it follows thatD t is invertible for t = 1 2 . We define 
Since D is Fredholm, zero is in the resolvent set of π (F G(D) ). Hence
It follows that the results of [BCPRSW, §5] apply. The projection P onto Ker B 1/2 = Ker D ⊕ Ker D * commutes with B t . The spectral flow of (B t ) t∈ [0, 1] ) in N equals the sum of the spectral flow of ((1 − P )B t (1 − P )) t∈ [0, 1] in (1 − P )N (1 − P ) and the spectral flow of (P B t P ) t∈[0,1] ) in P N P . The contribution of (1 − P )N (1 − P ) vanishes by [BCPRSW, Prop. 5.3] and
Proposition 5.2. The index
is continuous. Now the assertion follows from the previous lemma.
L 2 -index theory
Here we prove that a path of invariant symmetric elliptic differential operators on a Galois covering whose coefficients depend in a continuous way on the parameter is gap continuous. This suffices to define its real valued spectral flow.
We will use the theory of regular operators on Hilbert C * -modules for which we refer to [La] .
First we prove a general lemma about the behavior of regular operators under tensor products, which is certainly well-known but seems not well-documented in the literature.
Lemma 6.1. Let A, B be C * -algebras and H 1 resp. H 2 a Hilbert A-module resp. Hilbert B-module. Let ρ : A → B(H 2 ) be a C * -homomorphism. If D 1 is a regular selfadjoint operator on H 1 , then there is an induced regular selfadjoint operator D on H 1 ⊗ ρ H 2 such that the homomorphism ρ * :
Furthermore if S is a core of D 1 , then the span of elementary tensors of the form x ⊗ y with x ∈ S and y ∈ H 2 is a core of D, and D acts on it by [La, Theorem 10.4 ] it follows that ρ * (F D1 ) is the bounded transform of a regular selfadjoint operator D on H 1 ⊗ ρ H 2 . This shows the first assertion.
Denote by H(D 1 ) the Hilbert A-module whose underlying A-module is dom D 1 and whose A-valued scalar product is given by
Define analogously H(D). Since D 1 and D are regular, the operators (
Since the operator D 1 ⊗ 1 + i is determined by its action on tensors of the form x ⊗ y with x ∈ M and y ∈ H 2 , so is D + i.
Let M be a closed Riemannian manifold and let p :M → M be a Galois covering of M with deck transformation group Γ. The manifoldM inherits an invariant Riemannian structure from M . Let E be a hermitian vector bundle on M and let E = p * E be endowed with the invariant hermitian structure induced by E. In this setting we define N to be the von Neumann algebra of Γ-invariant bounded operators on L 2 (M ,Ẽ). The trace is defined for an integral operator K ∈ N with integral kernel k such that k(x, ·) and k(·, y) are compactly supported for all x, y ∈M by
Here F is a fundamental domain of the Γ-action onM and tr is a trace onẼ.
We refer the reader to [W1, §3] and [PS, E.3] for more details on the following discussion.
be an invariant symmetric elliptic differential operator. We denote its closure as an unbounded operator on L 2 (M ,Ẽ) by D as well. Let C * r Γ be the reduced group C * -algebra of Γ. Let P be the C * Moreover the map
is also a Γ-equivariant isomorphism of Pre-Fréchet spaces. Via the resulting isomorphism C ∞ c (M ,Ẽ) ∼ = C ∞ (M, E ⊗ P alg ), the operator D induces an elliptic symmetric differential operator D : C ∞ (M, E ⊗ P alg ) → C ∞ (M, E ⊗ P alg ). Its closure on the Hilbert C * r Γ-module L 2 (M, E ⊗ P), denoted by D as well, is a regular operator. By the previous lemma we get a selfadjoint operator D ′ = D ⊗ 1 on the Hilbert space L 2 (M, E ⊗ P) ⊗ C * r Γ l 2 (Γ).
The Γ-equivariant isomorphism
extends to a Γ-equivariant isometry
which intertwines D with D ′ .
By the lemma, one can use information on D in order to gain knowledge about D (see also [PS, Prop.E.6] ). This is used in the proof of the following proposition:
Proposition 6.2. Let B be a topological space.
Let (D b ) b∈B be a family of closed invariant selfadjoint elliptic differential operators on L 2 (M ,Ẽ) with coefficients depending continuously on b. Then (D b ) b∈B is gap continuous.
Proof. Let (D b ) b∈B be the corresponding family of elliptic differential operators on L 2 (M, E ⊗P). The coefficients of D b depend continuously on b as well. Hence D b ± i : H 1 (M, E ⊗ P) → L 2 (M, E ⊗ P) depends continuously on b. Thus the inverse depends continuously on b in L 2 (M, E ⊗ P). Now the assertion follows from the lemma.
